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We have also the invariant property that the centre of gravity of three -weights, proportional to F2, <22, H2, placed at the corners is the same for all triangles.
Ex. 2.   Show that, whatever astatic triangle with oblique forces is taken as the triangle of reference, the quantities
(1)   F2 + G2 + H2 + 2FG cos 7 + 2GH cos a + 2HF cos @
(3)   a'2G'Hr {F'2 (cos a - cos p cos 7) - FfHf (cos /3 - cos 7 cos a)
- F'G' (cos 7 - cos a cos j8) - G'H* sin2 a} + &c. + &o. are invariable, where a, & 7 are the mutual inclinations of the forces and
p, = 1 - cos2 a - cos2 p - cos2 7 + 2 cos a cos (3 cos 7.
We notice that ^ is six times the volume of the tetrahedron formed by unit lines drawn from any point parallel to the forces. It follows that /* cannot vanish unless the astatic forces are parallel to one plane.
Ex. 3. A system of forces is equivalent to a force R, acting at a point 0, and two couples, whose astatic moments are K^ Jf3, and whose astatic arms are placed along the rectangular axes OY, OZ, the forces of the couples being perpendicular to each other and to the force JR, see Art. 32. If these are transferred to an astatic triangle A'B'C' situated in the plane yz, the coordinates of the corners being (ijl9 fa), (rj.2, £j), 0?3> ft) au<^ tne rectangular forces F', G', Hf, prove that
Gf=Rm
where I, m, n &c. are the nine direction cosines of F', G', Hf, as in Art. 63.
If the forces F', G', H' are all equal, prove that the sum of the distances of the three corners from each of the axes of y and z is zero.
66.    To find the Central Point.    The astatic triangle ABC with rectangular forces F, G} H being given, show that the central point is the centre of gravity of three weights proportional to F'2, (?'-', H2 placed at the corners.
This follows easily from the theorem proved in Art. 30. We multiply each force, such as F, by the resolved part of all the forces along it, i.e. by F; the product is .F2. The rule asserts that the central point is the centre of gravity of the three products F2, G2, H'2, placed at the points of application of F, G, H.
Ex. If the forces F, G, H of an astatic triangle are not rectangular prove that the central point is the centre of gravity of three weights proportional to
JF(J'7+(TCOS7 + .Hcos0),     G(F cos 7 +(?-!-# cos a),     IT (.F cos /3 + G cosa + H) placed at the corners, where a, /3, 7 are the angles between the forces (G, H), (H, F), (F, G).
This result follows at once from the general theorem given in Art. 30.
67.    The central point coincides with the centre of the imaginary conic.   To find the centre of the conic we follow the rule given in treatises on Conies. Differentiating the equation of the conic (Art. 64) with regard to the areal coordinates a, /3, 7 separately, and equating the results, we find that a, £, 7 are proportional to F'2, G2, H*.    The result follows at once.
68.    The imaginary conic "being given, it is required to find the central lines and the principal moments of the system.
Let the system of forces be reduced to its simplest form (Art. 32), i.e. let the

